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Abstract

In this paper we give a semantic proof of cut-elimination for ICTT. ICTT is an intu-
itionistic formulation of Church’s theory of types defined by Miller, Scedrov, Nadathur and
Pfenning in the late 1980s. It is the basis for the lambda-prolog programming language.

Our approach, extending techniques of Takahashi, Andrews and tableaux machinery of
Fitting, Smullyan, Nerode and Shore, is to prove a completeness theorem for the cut-free
fragment, and show, semantically, that cut is a derived rule.

We strengthen Andrews’ notion of Hintikka sets to intuitionistic logic in a way that also
defines tableau-provability for intuitionistic type theory. We develop a corresponding model
theory for ICTT and, after giving a completeness theorem without using cut we then show,
using cut, how to establish completeness of more conventional term models.

Our work supplies a declarative semantics for the logic underlying the lambda-Prolog
programming language.

1 Introduction

The theory considered in this paper is an intuitionistic reformulation of Church’s Theory of types
we call ICTT, first studied by Miller, Nadathur, Pfenning and Scedrov in the early 1990’s (see
e.g. [16]) who used it as a basis for the A-prolog programming language, the leading higher-order
declarative language today. Church’s original 1940 paper introduced the typed lambda calculus,
which has had a major impact on the theory and design of programming languages.

In this paper he also defined classical higher order logic by adding suitable logical constants
at higher types, and rules of inference. This system has played in important role in higher-order
automated deduction [1].

The research in this paper originated in efforts to find a semantics for full A-prolog (see
[6]). A model theory was developed by Blair and Bai [4], and independently by Wolfram [26]
for the higher-order Horn fragment, whose classical and intuitionistic theories coincide. When
more connectives are allowed in programs and goals, as in the higher-order Hereditarily Harrop
(HOHH) fragment underlying A-prolog, which uses universal quantification and implication, the
intuitionistic and classical theories do not coincide. As argued in e.g. [15], the use of intuitionistic
implication is essential in capturing module structure and hypothetical queries logically, as in
A-prolog.



The development of a semantics and completeness theorem for the full higher-order Heredi-
tarily Harrop intuitionistic theory has remained an open problem.

No cut-elimination proof has been developed explictly for ICTT, although Andrews supplied
a proof for the classical theory in 1970. Needless to say, Girard, Coquand and others have
published normalization proofs that imply cut elimination for related impredicative intuition-
istic theories, but the question for ICTT has remained in bit of a fog that this paper aims to
dispel. Furthermore, as Andrews has pointed out in his recent Herbrand Award speech [2],
his approach to cut-elimination via Hintikka sets permits an extension of Smullyan’s Unifying
Principle [22] that has played a critical role in automated deduction applications of the classical
theory. It is hoped that our extension of his proof to intuitionistic Hintikka sets will lead to
similar applications of ICTT.

It should be pointed out that logic programming depends in a vital way on cut-elimination,
since proof search is restricted to rules which are, at the very least, cut-free. In fact, as described
in [16], more is required of a proof system for a reasonably operational notion of proof search,
namely the uniformity property described therein.

2 Cut elimination and completeness

In 1954 Takeuti conjectured that cut-elimination holds for the simple theory of types. For over a
decade it was a leading open problem in proof theory. A semantic proof was given for (different
formulations of) classical second and higher-order logic by Takahashi [20], Tait [23], Martin Lof
and Prawitz in the late 1960’s and early 70’s, and a constructive proof of strong normalization
for an intuitionistic system for analysis (extending Gédel’s T) and for the theory of finite types
(as defined in e.g. Takeuti or Schiitte) was given by Girard [10] in 1970, (see [24, 11] for a
discussion).

In the same year the Andrews [1] gave a semantic proof of cut elimination (and completeness)
for Church’s classical Type Theory (CTT). A constructive proof of cut elimination for the
intuitionistic theory of species (set quantification) was given by Dragalin in the mid-1980’s.

It is a matter of debate to what extent a syntactic proof of cut-elimination has ever been
found for higher-order logic. Obviously such a proof could not be formalized in the logic itself,
by Godel’s second incompleteness theorem, and, in particular, any algorithm extracted from
such an argument would not be provably total in the theory in question.

In this paper we give a semantic proof of cut-elimination, by giving a completeness proof
for the cut-free fragment. Most completeness proofs construct prime extensions of theories or
build Lindenbaum algebras, and rely heavily on cut in the object logic. One can avoid this
by use of tableau-style techniques of Hintikka, Smullyan and Beth, to build partial models,
called semivaluations by Takahashi, and then carefully show how these may be extended to
full valuations (see Girard’s discussion of this problem in terms of three-valued logics in [11]).
As a by-product of our approach to the construction of Hintikka sets, we obtain a tableau
proof-technique for ICTT.

Once we have the cut-elimination theorem in hand, of course, we are free to use cut to show
that a much more natural notion of model, namely Lindenbaum-style term models [25], will
yield a completeness theorem. This is discussed in the last section of this paper.

It should be pointed out that a completeness theorem for any impredicative logic that as-
sumes cut elimination would be, by itself, a very weak result, since most semantic proofs of cut
elimination come very close! to giving a completeness theorem without cut. One is very nearly
assuming something stronger than what one is trying to prove.

1A semantic proof of cut-elimination does not appear inevitably to amount to a completeness proof. Systems
have been found in which semantic cut-elimination does not imply completeness [3].



Our approach draws heavily from the work of Andrews [1] and the tableau techniques de-
scribed in Nerode and Shore [19].

3 The Calculus

Church’s calculus consists of a collection of higher-order functional types together with a sim-
ply typed lambda-calculus of terms. Connectives and quantifiers are given explicitly as typed
constants in the language. The set of base types must include a type of logical formulas, as well
as a type of individuals. Proofs are defined by a sequent calculus for logical formulas. In more
detail:

Type expressions are formed from a set of base types (which must include at least the type
¢ of individuals and o of truth values, or formulae) via the functional (or arrow) type
constructor: if a and 3 are types then so is a — 3. Church’s notation for functional
type expressions is sometimes more convenient because of its brevity: (Sa) denotes the
type a— (3. Association, in Church’s notation, is to the left whereas arrow terms associate
to the right: a8~ denotes (a3)y, meaning v — B — «, which is the same as v — (8 — «).
We will use his notation interchangeably with arrow notation, especially with complex
type expressions.

Terms are always associated with a type expression, and are built up from typed constants and

typed variables (countably many at each type a): xl,22,...,yL,9y2,... according to the

following definition:
1. A variable z, is a term of type a.
2. A constant of type « is is a term of type a.

3. If ¢1 is a term of type a— (3 and t2 is a term of type « then t;t5 is a term of type [,
called an application.

4. If t is a term of type 0 then Ax,.t is a term of type a— 3, called an abstraction.
Terms may be displayed subscripted with their associated type, when convenient. We omit

such subscripts from variables when clear from context, or when the information is of no
interest.

Logical Constants The following logical constants are available to define formulas:
To; J—Ov /\0007 \/OOO) D000)

as well as
EO(OQ) and Ho(oa)v

the latter two existing for all types a.

Note that because of currying in Church’s type theory, the constants A,V corresponding to the
usual binary logical connectives, have higher types ooo, i.e. 0— (0—0).

Reduction We recall that a (-redex is a term Az,.t u, formed by application of an abstraction
to any compatibly typed term. The contractum (or (-contraction) of such a term is defined to be
any term t[u/z] resulting from the substitution (after renaming of bound variables if necessary
to avoid capture) of u for all free occurrences of z in ¢. [-contraction also refers to the binary
relation between redices and contracta. The transitive closure of this binary relation is called
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Figure 1: Higher-order Sequent Rules

[B-reduction. Contraction of n-redices Az.tx to ¢ when x does not occur freely in t induces eta-
reduction. In this paper we will refer to the combination of both reductions, Sn-reduction as
A-reduction, and the reflexive, symmetric, transitive closure of this relation as A-equivalence.

In Church’s Theory, as in Andrews, Miller and Nadathur’s work, a canonical listing of vari-
ables is used to ensure the existence of unique canonical normal forms (sometimes denoted p(t),
and denoted 7(t) in the section on cut-elimnation) for each term ¢.

Definition 3.1 A formula is any term of type o. An atomic formula is a term of type o which
is not A-equivalent to any term whose head is a logical constant.

The meaning of the logical constants A, V and D is evident, while ¥ and IT are used to define
the quantifiers 3 and V: Jz, P, is an abbreviation for ¥,(oq)AZa . P and Vz, P, is an abbreviation
for o0y ATa-Po. Also f(z4) is an abbreviation of (fsa2a), for some 3.

3.1 Deduction

We assume familiarity with Gentzen’s sequent calculus, and in particular the intuitionistic LJ
(see e.g. [12]). We present here, in the figure above, a sequent system for the intuitionistic
fragment of Church’s Theory of Types, which we call ICTT, similar to that of e.g. [16] of Miller
et al.

In the sequent calculus displayed above all sequents I' —» A consist of a set of formulas
(antecedents) I' and a single formula A (consequent). The symbol U in the identity rule stands
for any atomic formula. The rules of inference shown in the figure consist of premisses: the
zero, one or two sequents above the line and conclusions: the lone sequent below the line. Rules
marked with an asterisk must not contain free occurrences of the index variable below the line.
In rule A, the primed and unprimed antecedents (resp. consequents) are A-equivalent.



The following lemmas will prove useful. Their proofs are routine. The first says that a
derived identity rule holds for nonatomic formulas. The second is a derived rule of weakening.

Lemma 3.2 There is a sequent proof of ') A —» A for any set of formulas T' and any formula

A.

Lemma 3.3 IfIV DT and ' — A then IV — A.

4 Models for 1CTT

We define a semantics with respect to which 1CTT will be shown sound and, in subsequent
sections, complete.

Mitchell and Moggi [18] incorporate applicative structures into Kripke models to model (only)
equational reasoning in the typed lambda calculus. We use a related, but somewhat different
approach: we combine applicative structures with Heyting algebra semantics [25, Chap. 13, §4]
for intuitionistic logic, and we do not consider equality here.

In the interest of making this paper more self-contained we briefly recapitulate some elemen-
tary definitions.

Definition 4.1 A lattice is a partially ordered (nonempty) set with two operations A and V, the
meet and join, satisfying the following axioms for all members a, b and c of the set:

a<aVb b<aVb (1)
aNb<a aANb<b (2)
a<candb<cimpliesaVb<c (3)
c<aandc<bimpliesc<aANb (4)

A lattice is distributive if for all members a, b and c of the partially ordered set,
aN(bVe)=(aNnb)V(aAc) (5)
aV{bnrc)=(aVb)A(aVc) (6)

The join \/ S of an arbitrary set S, if it exists, is the least upper bound of the set. Likewise, the
meet N\ S would be its greatest lower bound. A lattice is called complete if arbitrary joins and
meets exist.

The meet and join serve to model conjunction and disjunction, but we need an additional
operator corresponding to implication. The following definition of a Heyting (or pseudo-Boolean)
algebra is taken from [25].

Definition 4.2 A Heyting algebra H is a lattice with a least element 1 and an operation —
defined on all pairs of elements of H such that

aNb<cifandonlyifa<b—c (7)
In a complete Heyting algebra, arbitrary meets and joins exist.

In later sections, we will consider complete Heyting algebras, as well as those with only certain
parametrized infinite meets and joins corresponding to universal and existential quantification.
It can be shown [25] that a Heyting algebra is distributive and that if \/ B exists then

a/\\/Bz\/{a/\b:bEB}. (8)



an identity called A'\/ distributivity. It is clear from (2) and (7) that a Heyting algebra has a
top element (¢ — a for any a), which we denote T. The following characterization of the arrow
connective will be useful below. Any complete lattice satisfying A — \/ distributivity (8) can be
turned into a Heyting algebra by defining

a—»b::\/{x:x/\aﬁb}. 9)

Furthermore, in any (not necessarily complete) Heyting algebra, the supremum on the right
hand side of (9) exists, and the identity holds.

Example 4.3 The open subsets of R form a Heyting algebra with V denoting union, A the
interior of the intersection, < the subset relation, L the empty set and a — b := |J{w : wNa C b}.
Then T is evidently R and (8) holds, but the dual statement

a\//\B:/\{a\/b:bEB}

need not: let a be R\{0} and B be the set of intervals {(—%,2):n € N}. HereaVAB =aVl =a
but A{aVb:be By = AN{R:be B} =R.

The failed dual to A \/-distributivity corresponds, in standard semantics for first-order logic, to
the truth of the formula AV Va.B(x) iff Vz.(A vV B(z)), which is not an intuitionistically valid
principle, and therefore something we do not do not want to satisfy in our models. This formula
corresponds in turn to Axiom 6% of Church’s classical Theory of Types [5].

4.1 Applicative Structures

We will make use of the notion of applicative structures, a well-known semantical framework
for the simply-typed lambda calculus, first introduced systematically by H. Friedman in [9],
although obviously implicit in [13, 14, 21]. (See also [17] for a detailed discussion.)

Definition 4.4 A typed applicative structure (D, App, Const) consists of an indexed family D =
{Da} of sets D, for each type o, an indexed family App of functions ApP,. 5 : Dga X Do — Dg
for each pair (o, B) of types, and an (indexed) intepretation function Const = {Const,} taking
constants of each type o to elements of D,.

A typed applicative structure is (functionally) extensional if for every f, g in Dgq, App(f,d) =
App(g,d) for all d € D, implies f = g. The proof of our first completeness theorem will require
the construction of a model which is not functionally extensional, while still satisfying eta-
conversion.

In the final section, we consider global models which are not necessarily extensional, however
we show how to build a functionally extensional model which satifies the logical intensionality
requirements described in the appendix. Because of the way truth is defined and distinguished
from denotation in our structures, there is simply no interference between the two ideas. The
details are discussed in the appendix.

It should be noted that we do not work with equality, so there is no way to explicitly specify
(or prove) extensionality in the theory. Soundness of the A-rule, therefore, only requires e.g. for
M a term without free occurrences of x, that Az.Mx and M have the same truth value in the
structures we are about to define. Extensionality will guarantee more: that they have the same
denotation. The distinction between denotation and truth value is crucual for the use of ICTT
for logic programming as discussed (in the paragraph on logical intensionality) in the appendix.

An assignment ¢ is a function from the free variables of the language into D which respects
types. Given a typed applicative structure D, an environmental model consists of a total function



[ ], from the open terms of the language into D for each assignment ¢ respecting types, for
which the following equalities hold:

[e], = Const(c) for constants ¢

[z]y = o(z) for variables z
[(MN) ]y =App([M ]y, [N]y)
App( [[/\xoz-Mﬂ ]]907 d) = IIM]]QO[:EHd]

Now we can define models for our intuitionistic theory of types. We add certain restrictions
to typed applicative structures for ICTT to handle the logical constants and predicates.

Definition 4.5 A Heyting applicative structure (D, App, Const,w, Q) for ICTT is a typed applica-
tive structure with an associated Heyting algebra Q and function w from D, to Q such that for
each f in Doo, Q contains the parametrized meets and joins

A {w(App(f,d)) : d € Do} and \/{w(App(f.d)) : d € Da},

and the following conditions are satisfied:

w(Const(T, Ta

( To))

w(Const(L,)) = Lg
w(App(App(Const(Apoo),d1),d2)) = w(di) Aw(dz)
w(App(App(Const(Veoo),d1),d2)) = w(di) Vw(dz)
dz))
)
)

w(App(App(Const(Dooo), d1), d2)) = w(di) — w(da)

w(APP(Const(So(on)): ) = \/{w(App(f,d)): d € Dy}
(

w(App(Const(Iy(oay), = /\{w(App(f, d)):d € Dy}
A definition, with suitable further restrictions on D, identifying D, with Q (i.e.,, restricting w
to the identity function) might seem more natural but would make A A B indiscernable from
B A A in the structure and thereby identify the truth values of P,,(A4, A B,) and P,,(B, A A,).
This identity holds neither in 1CTT as presented here nor in the HOHH sub-system used in the
A-Prolog programming language.

An assignment is a function from the variables in the language to the elements of the model
which allows us to give meaning to open terms. An assignment ¢ must satisfy ¢(x,) € D

Definition 4.6 A (global) model for ICTT is a total assignment-indexed interpretation function
ﬁ =

{9( )y : ¢ an assignment} into a Heyting applicative structure (D, App, Const, Q, Q) which takes
(possibly open) terms of type o into D, and satisfies the environmental model conditions cited
above, following definition (4.4), as well as eta-conversion, that is to say:

$(c), = Const(c) for constants c
H(z)p = p(z) for variables x
H(M), =H(N)y, M eta-equivalent to N
H((MN))p = App(H(M)p, H(N),)
App(H(Aza-Mg)y, d) = H(M)y(a/2))

Given a model $ and an assignment ¢, we say that ¢ satisfies B in 9 if w(9(B,),) = Ta;
we abbreviate this assertion to $ =, B,. We say B, is valid in § (equivalently, $ = B,)



if =, B, for every assignment ¢. We abbreviate w($)(B,),) to [B,],. We also omit the
subscript ¢ when our intentions are clear. We often use the term model to refer to the mapping
[-] from logical formulas to .

We will need a more liberal notion of model in our work, especially for the cut-elimination
result, below.

4.2 The Extent Operator and Local Models

Heyting applicative structures correspond to so-called global Q2-structures for first-order intu-
itionistic logic in [25, 8], while the extension introduced below corresponds to a special (semilo-
cal) class of the more generic (local) Q-structures introduced by Fourman and Scott for for logic
with equality and existence predicate. Having no need here to model equality, we use this more
general notion of model to translate Kripke models into interpretations of 1ICTT. These ideas are
based on the work of Michael Fourman and Dana Scott [8]. We first introduce the more general
notion of local structures, and then the semilocal ones we will be using.

Definition 4.7 A local Heyting applicative structure D = (D, App, Const,w, Q, E) is a Heyting
applicative structure with an indexed function E, : Dy — Q for each type «, satisfying the
following conditions:

Range(Eo Const) = {Tq}
w(App(ConSt(Eo(oa)), foa)) = \/{E ) Aw(App(foa,d)) : d € Dy}
w(App(Const(ILy(5q))s foa)) = /\{E — w(App(foa,d)) : d € Do}

The Heyting Algebra € is now required to be closed under the following relativized meets and
joins:

/\{E — w(App(f,d)) :d € Do} and \/{Ea(d) Aw(App(f,d)) :d € Dy}
for each f in Doyg .

Definition 4.8 Given a local Heyting aplicative structure D, a local D-environment is a type-
preserving mapping ¢ from variables to the carriers D of D. The environment is called global
if it satisfies the following condition for every term t in ICTT:

Eft]le = Ta.

We will refer to a local structure satisfying eta-conversion together with a local environment as
a local model. If its environment is global, we will call it a semilocal model. Note that the
condition on the environment does not make a semilocal model global. Elements d of the carrier
D which are not the image of a term in the language may have non-maximal extent.

4.3 Soundness

In the following we extend interpretations to sequents in a natural way.

Definition 4.9 We define the meaning of a sequent in a model to be the truth-value in Q given
by:
[l —» A]:= [AT D> A]

where \T signifies the conjunction of the elements of I' and where we recall that, in an intu-
itionistic calculus, the consequent A is restricted to a single formula.



Note that [AT D A]=Tifandonlyif T < [AT D A], whichistosay T < [AT] — [A],
which by the condition on — is equivalent to T A [AT] < [A], which in turn is equivalent
to [AT] < [A] by (2) and (4). We will abbreviate [AT] to [I'] and express the validity of
the indicated sequent by [I'] < [A] or, when referring to the environment, by [I'], < [A],

henceforth.

The following technical lemmas will be needed to prove soundness of ICTT for semilocal

models.

Lemma 4.10 Suppose 2 is a (complete) Heyting algebra and uw € Q. Then the u-relativized

algebra Q" defined by
124
Ty
V =y W

VA

v <, w

{vhqu:v e},
= u

= (v—qw)Aqu,

= \Q/,/Q\a

= v <w.

and with L, := Lo and Vu, V., AN, \,, just the restrictions of the corresponding 2 operations
to Qy, is a (complete) Heyting algebra and the mapping i : @ — Q" given by

i(v) =vAqu

is a surjective cHa homomorphism, i.e. it preserves all cHa operations. Thus €y is isomorphic
to the quotient Q/=;.

Proof. First we observe that the underlying set [|Q“|| can be described equivalently as {v €
[1€2]] : v < u}, so the mapping i is clearly surjective. Checking that Q% is a complete Heyting
algebra is easy. The only interesting case is implication. We leave it to the reader to verify that
r—y s=V{z€ 0 :zA,r <s}

Since z <y = x Au < y Au, ¢ is clearly monotone, and it follows immediately from the
distributivity axioms for ) that ¢ preserves V, A. By A —\/ distributivity i(z — y) = \V{z Aw:
z ANz <y} Now

(i(x) = i(y)) A
= (zAu—yAu)Au

u/\\/{z:z/\x/\ugy/\u}

i(x) = i(y)

= \/{z/\u:(z/\u)/\xéy/\u}~

We must show the suprema \/{zAu:zAz <y} and V{zAu: (zAu) Az <yAu} coincide.
In fact, they are taken over sets that are equal. Since z A x < y implies (2 Au) Az < y Au the
former set is contained in the latter. If v isin {z Au: (z Au) Az < yAu}, ie. is equal to some
z A in the set, then, letting 2z, = z A u, we have that v = z, Au and so, z, Az <y Au <y so
visalsoin {zAu:zAz <y} O

Lemma 4.11 Suppose D = (D, App, Const, Q,w, E) is a local structure, ¢ a global D-environment,
and u € Q. Define D" = (D", App", Const", Q" w™ E"), the u-relativized structure as follows:
O is the Heyting algebra defined above, D%, App", Const” are the same as for D, w*(d) =
w(d) Aq u, and E*d = Ed Aq u.

Then D" is a local Heyting Applicative Structure. If ¢ is a global environment for D and
if d € Dy, has extent u € 2, then @[z = d] is a global environment for D", that is to say, the

resulting u-relativized model [[_]]E”[lr:: 4 s a semilocal model.
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We use the notation [[_]]g to refer to the model, i.e. mapping from formulas to truth values
induced by D" and the appropriate environment ¢. Note that for any formula B, [B]* =
w*(D(B)) =w(D(B)) Aqu = [B] Aq u.

Proof. Since only the definitions of Q%, w", E* change, we just have to check the axioms for w
and E in definition (4.5). The axioms for T, L, A and V are immediate. The existence of the
relativized meet and joins

/\{w(App(f,d)) : d € Do} and \/{w(App(f.d)) : d € Do},

follow from associativity of A and A'\/ distributivity of the cHa . For implication, we have,
using the results of the preceding lemma

w"(App(App(Const(Dooo), d1),d2)) = (w(d1) — w(d2

We leave the X case to the reader and establish the required property for II.

w"(App(Const(Ily(0a)), f)) w(App(Const(Ily(oay), f)) A u

= uA /\ Ed — w(App(foa,d))
Do

= /\u A (Ed — w(App(foa,d)))

Da

= N\i(Ed — w(App(fon:d)))

a

= Ni(Ed w(APP(foas d)))

Da
= A\E"d — w"“(App(fon, d)).
D

a

o

d

Theorem 4.12 (Soundness) IfI' — A is provable in 1CTT then [I'] < [A] in every semi-
local model € of 1CTT.

Proof. Let D = (D, App, Const, Q, E) be a local applicative structure, and ¢ a global assignment.

If ' — A is provable in ICTT then there is a sequent proof with I' —> A at the root. We
prove [I'], < [A], by induction on the height of the sequent tree.

The base cases are immediate.

Now, we assume that we have a proof of height greater than 0, and that for every deduction
of smaller height, and every semilocal model, the conclusion holds. We must consider all possible
rules used in the last step of the deduction.

The propositional cases are routine. We only treat D-left.

A—»B AC—»D
A BDC—D

L

By induction hypothesis [A], <o [B]e and [A], Aq [Cly <a [D],. By elementary
facts about Heyting algebras

[[A]]cp N [[BDO]]w <o [[A]]cp Ao [[B]]cp Ao [B DO]]@
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<o [[A]]so/\ﬂ [[C]]so
<o [[D]]sa

HL:
Suppose the last step in the deduction is

A B—»C
A, Jxy.B—» C

HL*

with 7, not free in the conclusion. Then [A,3z4.B], = [A]y Ao Vyep, Ed Ao [Blow=a)-

Now, [[_]]E‘fz:: 4 18 a semilocal model by lemma 4.11. So by the induction hypothesis

[[A]]E;l[iw::d] Na [[B]]E?:E:d] < [[C]]E?:E:d]

Since x does not occur in A or C, this is equivalent to

[[A]]Ezd Na IIB E?m::d] < [[O]]:Eod

Since [A]E? = [A], Aq Ed this implies that
[[A]]AP Aq Ed Ng [[B]]Sa[w::d] < [[C]]¢ N Ed < [[C]]AP

Taking suprema over d € D, on the left gives the desired result: [A,3z,.B], < [C]e.
HR:
Suppose the last step of the deduction was

A — Blt/x]
A — Jz,.B R

By the induction hypothesis [A], < [B[t/z]], = [B]s[w:=a,] Where do = o(t). Since ¢ is a
global environment and ¢ a term (of type «) in ICTT, Edy = Tg. Thus the preceding inequality is
equivalent to [A ], < EdoAq [B]y[e:=do), Which is, in turn, bounded by \/ ;cp EdAq [B[yje:=q)
and hence by [3z4.B .

Vi
Suppose the last step of the deduction was
A, Blt/x] —» C
A Vr.B —» C

A7
and, by induction hypothesis [A, Blt/x]], < [C],. Then [A], Aq [Blezi=dy < [C], where
do = p(t). Since y is a global environment, Edy = T and the preceding inequality is equivalent

to [A], A Edo Aa [Bezi=do] < [C]y, from which the desired conclusion

[Ale Ao [Va.Bl, = [Alp ra A\ [Blew=a < [Cle

deD,,
is immediate.
Vr:
Suppose the last step of the deduction was
A—»B VR *

A —»Vz,.B



12

with z, not free in the conclusion. Pick any d € D,,. Then, by the preceding lemmas, [[_]]5‘[11:: d]

is a semilocal model, so, by induction hypothesis, [[A]]E‘[ir::d] < [B ]5?1::d]. Since «x is not free

in A, and for any formula D, [D]E* = [D], Aq Ed, we have [A], Aq Ed < [B],[z:=q) A Ed.
Since u A v < w A v implies u < v — w in any Heyting algebra, [A], < Ed — [B],[z:—q. This
holds for any d, so, taking the infimum of the right hand side we have [A], < [Vzq.B], as we
wanted to show.

To show soundness of the A-rule, one must show soundness of 3 reduction and a-conversion in
a typed applicative structure. The result is well-known, and we omit the details here. Soundnes
of eta-reduction is true by definition in local models. |

4.4 Cut-elimination for ICTT

We now sketch a semantic proof of cut-elimination in ICTT, which extends to the intuitionistic
case similar arguments due to Andrews [1], [20], using techniques inspired by Smullyan [22],
Fitting [7], and Nerode and Shore [19].

Cut-free methods in the semantics One should underscore why a Hintikka-set approach
is essential for proving completeness without cut in the object logic, in other words, why we are
going to such trouble. Most conventional completeness arguments use cut with a vengeance, and
are therefore of no use to us here. Henkin’s completeness theorem, builds for a theory I' such that
't/ A a structure in which I" holds and A fails, by first extending I" to a prime theory (satisying
disjunction and existence properties) that avoids proving A. The proof that this can be done,
usually known as Lindenbaum’s lemma, builds the prime extension incrementally, proving that
consistency (or avoidance of A) is maintained at each stage. One begins by enumerating all
disjunctions and existential formulas over a language enriched with so-called Henkin constants.
At the appropriate stage 2n, one considers whether the extension I's, built so far, with the
inductive hypothesis that I'y, Ff A, proves the n-th disjunctive formula BV C. If so, one of the
disjuncts B, C' must be added to I'y, without spoiling the requirement I'y,, I/ A. One can only
do this using cut.

If Ty, - BV C and 'y, B Alet Tapyq := oy U{B} else I'apyq := Ty, U {C} How do we
know one of the two choices avoids A7 Suppose not. Then

PQ’I’HB_HA ]-—‘27170—)—)14- L
T, BVC — A Vol oy, —BVC
FQn—»A

cuT

which contradicts the hypothesis, but uses cut!
Another approach to completeness, using Boolean or Heyting-valued models (as we do), is
to build the so-called Lindenbaum algebra of equivalence classes of formulas

[A]:={B:T,BFAand T, A+ B}

with [4] <q [B] if T, A+ B.

One needs to show ) is a Boolean (Heyting) algebra with enough limits for the quantifiers,
and then interpret formulas A by their own equivalence classes. But first we have to show
is a poset! And that means showing < is transitive, and that is equivalent to CUT! Hence
the need for the cut-free methods of Hintikka, Smullyan and others. The crux of the method is
this: instead of completing the given theory I', one must extend it “downwards”, by putting in
the appropriate subformulas and their substitution instances. The cost of this is that, initially,
one only produces a partial model (or semi-valuation), which must then be extended, using
Takahashi’s ideas, with some care.
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Also, instead of a Lindenbaum algebra made up of equivalence classes of formulas, we use a
topological Heyting algebra built from sequences of natural numbers. We now proceed to the
details.

4.5 Hintikka Sets

We start with a partially ordered set K with least element pg and a set S. K will supply
nodes of a rooted Kripke model, which will then be used to construct a semilocal model. In the
completeness theorem K will consist of sequences of natural numbers with prefix order. S will
supply us with a set of constants to function as witnesses for e.g. true existential statements.
One should point out that the entire construction can be easily adapted to the use of fresh
variables to play this role, as in Andrews’ proof.

A K-Hintikka set (or, strictly speaking, an (S, K)-Hintikka set) H for ICTT is a set of signed
forcing formulas of the form

Bpl- A,

where B € {T,F},p € K, and A, is a formula in ICTT, satisfying certain conditions listed below.
In order to define these conditions we need some terminology. An element p of K is said to
occur in H if it occurs in some signed forcing formula in H.

Definition 4.13 An element ¢, of S is a p-constant, or a constant of level p on H if it appears
in some signed forcing statement B q Ik A, in H, with ¢ < p. A formula or term is a p-formula
if it is an ICTT formula over the language consisting of (all the logical and nonlogical constants
already in ICTT and) the p-constants in H. In particular, any term over the original language,
i.e. over ICTT and the logical and nonlogical constants already in ICTT is a p-term for every

p.

Definition 4.14 A set of signed forcing formulas is a K-Hintikka set if it satisfies the following
conditions.

1. if BplF AeH and A is not in n-nf, then Bpl-nA € H

if TplF ABC € H then Tplk Be H and Tpl-C € H.

if FplF ABC € 'H then either FplF B e H or Fpl- C € H.
if TplF VBC € H then either Tpl- BeH or Tplk C € H.
if Fplk vVBC € H then FplF B H and Fpl- C € H.

S v e

if Tp kD BC € H then for every p' > p occurring in H, either Fp' I B € H or
Tp IFC eH.

=

if FpI-D BC € H then for somep’ > p, Tp' Ik B e H and Fp’' IF C € H.
8. if Tp Ik Xoo0a) B then for some constant co of S, Tp Ik Beg.
9. if Fp Ik Eo0a) B then for each p- formula Co, in H of type o, Fp I- BC occurs in 'H.

10. if Tp Ik Hy(oa) B then for each ¢ > p in 'H, and each q-formula Cy in 'H of type o, Tq I= BC
occurs in H.

11. if Fp Ik Ily(o0) B then for some p’ > p in 'H, and some constant ¢, of S, Fp' IF Be, occurs
m H.

The conditions for negation ~ B are identical to B D L, and hence a special case of the
implication clauses above.
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A Hintikka set H is contradictory if one of the following occurs in H:

e for some formula A and p € K both Tp - A and Fp IF A occurs in H.
e For some p, TpIF L occurs in H.

e For some p, Fp Ik T occurs in H.

Definition 4.15 For any ICTT sequent ' —» A, a Hintikka set for (', A) is a K-Hintikka
set such that
{TpolFy:veT}U{FpyIF A} C H.

Lemma 4.16 For cvery sequentT' — A there is a K -Hintikka set for (T, A) (for some partially
ordered set K with a least element and set of constants S).

Proof. The proof proceeds by explicit construction of all Hintikka sets generated in a certain
way, essentially using the algorithm generating a complete systematic tableau proof. Since
our aim is to produce a model rather than a tableau, we make some changes to the standard
tableau procedure, such as enumerating all possible witnesses to univeral true statements. More
efficiency is obtained in automated deduction, by attempting to enumerate the least number of
witnesses possible, but this makes the semantics harder to define.

Let K be the set of finite sequences of natural numbers under the prefix ordering, with root
node py =<> (the empty sequence) and S a sequence {S, : @ € Ty} of countable sets. Each
member S, is called the set of constants of type «, whose members will be written c,, to recall
their intended type. Let k be the set of constants already in the language of ICTT.

We will define a tree of Hintikka sets, the complete systematic K-Hintikka tree, by stages.
Under the assumption that I' is finite, we may handle the requirement that each path in the
tree satisfies I' on the opening stage. With infinite I" we need only change the construction to
ennumerate T <>IF « for each v in I' at the odd stages.

We simultaneously define the following in stages.

1. A sequence {7, : n € w} of labelled trees, each path of which is an approximation to a
Hintikka set, i.e. consists of signed forcing formulas. [r,] will denote the set of paths in
iy

2. A sequence {S7 ,(p) : @ € TY,p € K,n € w,m € [r,]} of subsets of SU«x. Each S7 , (p)
contains those constants of type « occurring in some signed formula Bg IF A in path 7 of
Tn, for some ¢ < p. We will always enforce monotonicity of the S™ in n. Note that at
each stage we extend some path 7 of 7, to either a new path 7/, or, by adding a forking
tree to the leaf node of 7, to a pair of paths 7y, m; of 7,4+1. Thus, strictly speaking, the
set of constants occurring on 7 at stage n is never updated. Rather, one or two new sets
of constants, S,’{;rl, or 7%, and S]}, are created from S7. To simplify notation, we
do not mention the names of the new path(s) created. Another convention used below
is that S™ denotes the (indexed) family {S7 ,} where each ST, is viewed as a function
mapping each p € K to a (possibly empty) set of constants. Thus when we wish to add
a constant ¢, to Sj ,(p), we add the pair (p,ca) to S7 ,,. We are thus able to speak, for

example, of all the constants of any type occurring at or below p € K on path 7 as all

those {(¢,c) € ST : ¢ < p}

3. A partition of the formula occurrences at each node v of 7, into used and unused.

We assume some standard ordering exists on the nodes of each tree, e.g. induced by depth and
left-to-right ordering.

Stage 0:
7o has the unique path 7 = {F <>IF A, T <>k ~v1,..., T <>IFv,}, where T' = {y1,...,v.}.
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Sf(<>)=«k
Stage n + 1:
Assumme 7, and the S, have been constructed. and node v on path 7 is the least unused node
on the tree, labelled with Bp IF A. We now build 7, by attaching to each path 7 through v the
tree described below, and updating each S, according to the structure of the signed formula
Bp I A. After each such step declare the entry at node v a used occurrence.

A not in n-nf: Attach to the leaf of path 7 through v the formula Bp IF nA unless it is already
on w. Let Sp41 = Sh.

Tp - ABC: Extend each 7 through v with {Tp IF B, Tp IF C'}, thus increasing its length by two
nodes. Let S,4+1 = Sh.

Fp - ABC: Extend each m through v with

FplFB  FpltC

Thus 7 now splits into two paths, each one node longer than 7. Let S, 11 = 5,.

TplF VBC: Extend each 7 through v with

TplkB Tpl-C

Let Sn+]_ = Sn
Fp Ik VBC: Extend each 7 through v with {Fp |- B,FpI- C}. Let Sp41 = Sp.

Tp D BC: For each path w through v do the following: let p’ be the least ¢ in K which occurs
on m with ¢ > p such that neither Fg IF B nor Tq IF C occurs on 7.

Extend each 7 through v with

Tp k> BC

FglF B TqlFC

Thus 7 splits into two paths, each two nodes longer than 7. The entry that was used at
this step is written anew at the apex of the attached subtree so that a fresh copy of it will
be unused and receive attention at a later stage, spawning a similar tree for the next g on
K which occurs on m with ¢ > p such that no entry of the appropriate form occurs on 7.
This is a way of making true implications permanently active. Let Sy, 41 = S,,.

Fp D BC': Extend each m through v as follows: let k be the least natural number such that
p*k (denoting the concatenation of p with the one-element sequence (k)) has not occurred
on 7, put p’ = px k (note that it is incomparable with any ¢ on 7w not below or equal to
p). Attach the two formulas {Tp' I B,Fp’ I C}. Let ST, (p") = U, <, S5 (q)-

g<p*~n
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Tp Ik ¥o0a)B: Extend each path 7 through v as follows. Let ¢ be the first constant in c
of type a that has not occurred in 7 (ie. ¢ & 57, ).Attach Tp IF Be, to 7 and put

ngJrl = Sg,n U {(p7 CO&)}

Fp IF X5(0a)B: Let C be the least ICTT formula over the language of S7 (p) (i.e., using constants
occurring in entries of the form Bg I+ E for ¢ < p). such that Fp - BC does not already
occur on 7. Attach the two nodes {Fp I ¥,(0q) B, Fp I- BC'} to the end of 7. As discussed
in the Tp I-D BC case, this keeps a copy of Fp I X, ,q)B active.

Let Sn+]_ = Sn

Tp Ik Ily0a)B: Let (p’, C) be the least pair (r, D) with » € K occurring on 7, » > p and with
D an ICTT term over the language of S7 ,,(p), and with Tr |- BD not already occurring
in 7. Then extend 7 with the two entries {Tp IF II,(,q) B, Tp' IF BC}. That is to say, we
attach a fresh unused copy of the entry that has just received attention, followed by an
instance. Let S;,+1 = 5,,.

Fp IF o) B: Let k € N be the least natural number such that p * k& does not occur in 7 and
let p’ = px k. Let ¢, be the first constant in S gpne not occurring in 7. Attach Fp’ IF Be,
to m and update S,, as follows:

S;,(n+l)(p/) = U Sg,n(q) U {(p/a COt)}

q<p’,q Ol =
The cases for negation Tp IF~ B, and Fp -~ B are treated like B D L.

Now let 7 = {J,, 7n. It is obvious that every node of 7 is used, i.e. for some mg it occurs used
on all 7, for m > mg. For each path 7 in 7, define K™ to be the restriction of the poset K to
those worlds p occurring in 7, and S™, S7, ST (p), S™(p) to be the unions of the appropriate sets
corresponding to paths that are initial segments of 7 built at some stage of the construction.
Let 7 be the set of entries occurring on 7. Then it is straightforward to show that each 7 is a
K7-Hintikka set over the constants in S7. O

Definition 4.17 A K-Hintikka set is closed if all nodes force T, and it is montone: whenever
Tplk A€ H and g > p occurs in H, then Tqlk A € H. Note that any Hintikka set is contained
in a closed one, obtained by adding all the necessary signed forcing statments.

Definition 4.18 If'H is a K-Hintikka path, or any initial segment thereof, and p is in K, then
T,(H) is the set
{B:TqlF BeH, someq<p}

of all positively p-forced formulae on 'H for the world p € K. Let F,(H) be the set of all negatively
forced formulae exactly at world p:

{B:Fpl-BeH}
A K-Hintikka set (resp. Hintikka path) is ICTT-consistent if for any p, and and any B in
Fo(H),
TP (H) |7/ B7

where provability means provability in the ICTT sequent calculus.

Theorem 4.19 Suppose I' t/ A. Then there is a consistent K -Hintikka path w for (I', A).
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Proof. We will show that if 7 is a consistent finite path in some partially developed tableau 7,
for (T, A) then at least one of the ways it is extended at some stage, as one of its entries is used,
preserves consistency. As remarked at the beginning of this section, the whole point of using a
tableau construction is that the proof that consistency is maintained does not require cut in the
object logic.

Suppose v is a node on 7 with entry Bp IF B, the least unused occurrence in 7,,. We consider
all cases:

B not in n-nf: The path 7 is extended with a single entry Bp IF nA. Let us assume 7 consis-
tent and new path inconsistent, and that B = T. Then, for some D in F,(7), we must have

T,(m),nA F D. By the A-rule, we must have T,(m), A = D, contradicting the consistency if .
The dual case B = F is similar.

TpIF ABC: If the original path is consistent and the new one is not, then for some formula D in
N(m)
Ty(m),B,C+ D
but then
Tp(m),BANCF+D

so Tp(m) - B contradicting the fact that 7 is consistent.

Fp Ik ABC:  is extended to two new paths mg, 71 as follows:

Fpl-B  FplkC

Observe that Tp(mg) = Tp(m1) = Tp(m). If both extensions are inconsistent, and the original
path 7 consistent, the only possible violations of consistency are

Tp(m) B and T,(m) - C

But then T,(7) - BAC, and = is inconsistent.
Tp I VBC and Fp IF VBC": Similar to the above two cases and left to the reader.

Tpl-BD>C

Tpl- B D C: the path is extended as follows:
Fgi-B TqlFC

If neither extended path is consistent (and the original one is assumed consistent) then T4 (7) - B
and Ty(m),C F D for some D in Fy(m). But then, by the Dy, rule, Ty(r), B O C F D whence,
since TpIFD BC' is in 7, 7 is inconsistent.

Fp kD BC: Then 7 is extended to the path 7’ with the two signed formulas {Tp’ I+ B,Fp’ I+
C'} for an appropriate world p’. If this path is inconsistent, and the original one is not, the
inconsistency must take place at p’. T,/ (7) inherits all true forced statements for worlds ¢ below
p', but F)(7) does not. So the only possibility is T,/(7') = C, i.e. T,(m), B = C which implies
T,(m) = B D C and hence the inconsistency of .

Tp Ik Xo(0a)B: The path is extended with the single formula Tp Ik Be,, for a fresh constant c,
not occurring in 7. If inconsistent, T,(7), Bcq F D for some D € Fy(w) then T,(7),XB F D
(by generalization on fresh constants, left to the reader) and we have the inconsistency of 7.
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Fp Ik Xo(0a)B: The path 7 is extended with the two nodes {Fp IF X,(,q)B,Fp I BC} for the
appropriate C'. If the new path is inconsistent, so is the old by Jp.

Tp Ik Hg(oa)B: Similar to the last case, using V..

Fp IF Io(00) B: The path 7 is extended to a new path 7’ with the single entry Fp’ IF Be,, for the
appropriate world p’ > p and fresh constant c,. If 7 is consistent, and the new path fails to be,
and T},(7') = T},(7), we must have

Tp(m) - Beg.

Generalizing on the fresh constant, we obtain, by Vg,
Tp(m) F o0 B

yielding the inconsistency of 7 for a contradiction, which completes the proof. a

Corollary 4.20 If a Hintikka path (resp. set) is consistent, it is non-contradictory.

Proof. If Tp IF B and Fp IF B are members of a Hintikka set H, then, since B € T,(H) and
hence T,(H) F B, consistency is violated. a

Theorem 4.21 Let H be a non-contradictory closed K -Hintikka set for the pair (T'; A). Then
there is a local HAS model ®© for ICTT agreeing with H, i.e. for every closed n-nf-formula B
occurring in some signed formula in 'H

DEB iff TpolF BeH

Proof. We define a local HAS © gy = (D, -, Const, Q, w, E) as follows. The carriers D, consist of
pairs (M, r) called V-complexes by Takahashi and Andrews, with M an open term in canonical
n-nf-normal form of type «, and r a realizer, essentially a member of the full-type hierarchy over
the carriers D, and D,.

The base carrier D, contains all possible truth valuations of logical propositions (terms of
type o) consistent with H. This is where the most significant changes to Andrews’ original proof
take place, to deal with intuitionistic logic. Classical logic can be handled with two truth values,
but ICTT will require a greatly expanded set of truth values meeting certain conditions.

To make these conditions precise, we must define two ancillary concepts, the minimal and
maximal H-consistent truth values for a formula A.

Definition 4.22 The weak and strong support on H of a formula A are given by

Hy = {p:Tpl- A occurs on H} (10)
HF = {p:VYg>pFql- A does not occur on H} (11)

The model Dy

e O = (O(K), the (topological) cHa of all upwards closed subsets of K. Thus T = K, Lo =10
and Vg is union, Aq intersection, =-q, the standard Heyting implication operator: v =
v = Int(K — u) Uv, and the pseudo-complement @ is the interior of the set-theoretic
complement of u.

e D, = {(A,,a): A, is in n-nf, occurs in H and H, C a C H;F}
U{(Ao,u) : 4, is in n-nf, does not occur in H and u € Q}.
Note that if A, is a formula not occurring in any signed forcing formula in H, it appears
paired with every possible truth value in Q.
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e D, = {(4,,¢): A, is in n-nf}.

e Dgo = {{4pa, f) : Agq is in n-nff : D, —Dg and for every (Bg,b) € Dq
f{Bq,b) is of the form
(n[AB],r) for some r}.

In order to show the model (and in particular the Const operator below) is well-defined,
we need to establish that for every n-nf term A, over the language of H, there is an a such
that (A,a) € Do. To this end we define a function p from n-nf terms A, to the second
component of a particular V-complex in D,. We will establish several useful properties of
this function in lemma (4.23) below.

e Define p: Tmy(H) — D2 by:
if ais 0: p(A,)={p: Tpl- A, € H} if A, occurs in H, else choose any u € Q e.g. 0.
if ais ¢z p(A,) =t
if a is (v8): p(A(y5)(Bs,b) = (n[AB], p(n[AB])).

o (Aga,a)-(Ba,b) = (n[AB], (a(Ba,b))?) where the superscript 2 means the second compo-
nent of the indicated ordered pair.

e For each o, E: D, — Q is given by E((N,n)) = {p € K : N is ap-term} (see definition
4.13). Note that this set may be empty. If c(,g),dg are constants at levels p and ¢ of H,
and p and ¢ are incomparable worlds, then the term c - d exists in D, but has extent (.
By definition 4.13 of p-constants if N is a term not occurring in H, or any term over the
language of ICTT, E(N,n) = Tgq. The extent of an element of D, has nothing to do with
its truth value. In particular, E{1,, L o) = Tgq, since L, is a term of ICTT not containing
any special constants in H, and hence defined in every world p € K.

e w:D, — Qisgiven by w((B,b)) =b

e Const is defined as follows:

Const(T,) =(To, Ta).

Const(L,) = (L,, La).

Const(cy) = (Ca, pca), for non-logical constants c,.

Const(~) = (~, A(B,,b).(~ B,,b)), where b denotes the pseudo-complement of the ele-

ment b in the Heyting algebra €.

Const(A) = (A, A(By,b).{A\By, X(D,,d).{A\B,D,,bN d))), where bNd is Aq, the meet of b
and d in © (which happens to be intersection).

Const(V) = (V,X(By,b).(VBy, \(D,,d).(NB,D,,bU d))), where bNd is Vg, the join of b
and d in © (which happens to be union).

Const(D) = (D, A(Bo,b).(D Bo, A(Dy, d).(D BoDo, b =g, d))).
Const(So(on)) = (55 A Moa, m).(EM, V 4ep. Ed Aq (md)?)).
Const(Io(on)) = (I, A(Moq, m)(TIM, Aycp. Ed =q (md)2)).

Where the meta-lambda notation means set-theoretic function abstraction: A(Aq, a).(Mg.m)
denotes the function f : D, — Dg given by f({Aq,a)) = (Mg.m).

Lemma 4.23 (p-lemma) The function p : Tma(H) — D? given above is well-defined. In
fact, for every A, in n-nf,
(Aa, pAs) € Dy

In particular, for every n-nf formula A, there is an a such that (A, a) € D,.
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Proof. The proof is by induction on type structure. If o = ¢ the result is obvious, and it
is also immediate for o = o, since H}} = pA, C H; . If ais (y3) and (Bg,b) € Dg then
p(Ay8)){(Bp,b) = (n[AB], p(n[AB])) is in D, by inductive hypothesis. ad

Lemma 4.24 The function Const is well-defined: for every logical constant k., Const(k) € D,,.
Proof. What we must show is that e.g. for constants of type o, if Const(k) = (k, ¢), the condition
Hi C e CHF

required of members of D, holds, and that for constants of higher type (e.g. A), it is respected
on application: Const(A)(B,, b)(C,,c) is in D,.
Const(T,):
We have ’H{ = Tgq by definition in a closed Hintikka set. Since H is non-contradictory,
Ta CHF.
Const(L,):
Immediate, since H| is empty.
Const(~):
is = (~, A(B,,b).(~ B,,b)). We must show A(B,,b).(~ B,,b) really maps each (B,,b) € D, to
D,, that is to say, if
Hp, CbC Hp,

then
o
Hg CbCHIG..

Suppose p € HIBO. Then Tp Ik~ B occurs on H. By the properties of (4.14) for each ¢ > p
on H, Fp IF B, occurs on H, so q & Hf_}i hence no ¢ > p is in b, so p € b, establishing the first
inequality we wish to show.

Now suppose p € b. If ¢ > p, then ¢ is not in b hence not in HTBD so TqIF B, does not occur
on H. If Fq -~ B, then for some ¢’ > ¢ > p we would have Tq¢' IF B, sop € H:'J:Bo as we wanted
to show.

Const(A):
Suppose (B,,b) and (Cy,c) are in D,. Then H, CbC HZ and H, CcCH . IfpeHf
then Tp Ik BAC € ‘H. Consequently Tp I+ B and Tp Il C are both on H, sop € HENHE C bNe.

Suppose p € bNec. Then p € HEF N HEF, so for every q > p, Fq IF B, Fq IF C, and hence
Fq - B A C do not occur in H, so p € 'HE;FAC as we needed to show.

Const(V) and Const(D):
left to the reader.

Const(X(0a)):
= (X, M( Moo, m).(EM, \ 4cp Ed N (md)?)).
Suppose (Myq,m) € Dog and d = (¢, k) € D,. Then (Mec, (md)?) € D,, so

Hare C (md)® C Hy. (12)

We must show
Hin € \/ EdAq (md)* C Mgy
deD,
If p € HY,, then Tplk XM € H, and hence, for some c,, TplF Mc € H, and so, p € H,.
By lemma (4.23) there is a k such that (¢, k) € D,. Let d = (¢, k). Then, by hypothesis
(12) p € (md)?. Also, p € Ed (since c is in the language at world p), so p € Ed Aq (md)? C
\ Ed Aq (md)?.
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To show the remaining inequality, suppose p € \/ Ed Aq (md)?. We want to show that for
any g > p the signed formula Fg IF XM is not on H. Suppose otherwise for some g > p. Then
for any ¢, occurring at the appropriate worlds on H, Fg IF Mc¢ also occurs on H. Let k and d
be such that d = (c, k) € D, for such a c. Then ¢q € Ed and (Me¢, (md)?) € D,. Furthermore ¢ is
not in HyJ., hence not in (md)?. We have shown that for any d € D,, if ¢ € Ed then ¢ ¢ (md)?.
Thus for any such d, ¢ € Ed A (md)? hence ¢ is not in the supremum of these sets (their union)
contradicting the assumption that p was, and that the set is upwards closed.

Const (I, (oq)):
Similar, and left to the reader.
O

We must now show that the conditions on the Const function in definitions (4.5) subject to the
modifications of definition (4.7) are satisfied.

o w(Const(T,)) = T and w(Const(L,)) = Lo by definition.

e We verify the condition for D and leave those for A,V to the reader. w(D (B, b)-(D,,d)) =
w({D ByDy,b=q d)) = w({B,,b)) =q w((D,,d)) as required.

o W(Zo(0a) (Moa,m)) = w((EM, Vyep, EdAq (m-d)?)) =\ 4cp, Edra(m(d))? =V 4cp, EdNa
W({Mye,m) - d) as required.

Finally, let ¢ be an assignment of typed variables to D, and let ¢! denote the projection onto
the first component of the pairs produced by ¢. We now define the extension of ¢ to a map @
from open terms (to open terms) by:

B =n(AziAzs -+ Ay B)o' (21)0" (22) -+ @' (@)

where ..., z, are the free variables in B. If there are no free variables in B, ¢ just returns
its canonical normal form. L et J, be an interpretation over ¢ of open terms of type « into
D, given as follows, by induction on term structure. Let 3; and ji be the first and second
components of J.

1. J,(
2. J,(x) = ¢(x) for variables x.

(MN) = (p[MN], (3Z(M) - 3,(N))?).
(

3. 3,
o (Ao Mp) = (p[Aza. Mg, Ad.T e (M)

4.

One must now check that J, is well-defined, i.e. takes values in D, and that J, defines a
local model, that is to say, satisfies the conditions in definitions (4.5) and (4.7), in particular

$(c), = Const(c) for constants ¢
H(x)p = o(z) for variables z
H(M)y =H(N), M M-equivalent to N
H((MN)), = App(H(M)y, H(N))

App(H(Aza-Mg)e, d) = H(M)y(d/a)

To show the soundness of A-equivalence one must show that § and eta-conversion are sound.
Since the model we have built is not functionally extensional, eta-soundness is not immediate,
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but straightforward. If z is not free in M then, J,(Az.Mz) = (pM, Ad.(p[Md'], (32(M) - d)?))
whereas
Jo(M) = (pM, 3% (M)). But, trivially,

Z(M).d = (3 .
= (p[Md'], (3

s0 J,(M) = (M, Xd.(p[Md"], (Ji(M) -d)?)) = J,(A\x.Mz).

The remaining details are routine (see e.g. [1]) and are left to the reader.

For any environment ¢ our model agrees with the Hintikka set H on closed formulas. Since
we need to prove cut elimination for open formulas as well, we must choose an environment
that will extend to all formulas. The obvious choice is ¢o(x) = (x, p(z)), which is a global
assignment, since the extension of g to any term of ICTT will only return ordered pairs whose
first component is a term of ICTT in canonical normal form. These terms are global, i.e. have
extent Tq. Thus, with this environment, our model is semilocal. O

Let " be a consistent set of logical formulae of ICTT, i.e. for some A, I' I/ A. Then there
is a consistent Hintikka set for (', A), i.e. making I" true and A false at the root world of the
poset associated with H.

By the preceding theorem, there is an induced semilocal model 35’0‘4 agreeing with H. Thus
we have established the completeness of ICTT with respect to semilocal models.

Theorem 4.25 (Completeness of ICTT) T'F A in ICTT iff w(IL:A(A)) = Tq.

r
Yo
One direction follows by soundness of local models, the other by the arguments given before the
statement of the theorem.

Finally, we can derive the cut-rule for ICTT. Equivalently, have cut-elimination for ICTT
with cut.

Corollary 4.26 (Cut-elimination) ICTT admits cut. That is to say, if TH A and T, A+ B
in ICTT, then ' - B.

Proof. Suppose I't/ B. Let [G'] denote the value w(J;P(G)) of €, in the local model induced

by a non-contradictory Hintikka set for (I', B). By soundness, [A] = T. Thus J&)B is a model
of T U {A}, hence, by soundness again, [B] = T, a contradiction. O

The model just produced owes its peculiar form to the need to establish completeness using
only cut-free methods. But now that we have established the admissibility of cut for ICTT, we
may show that more conventional, global HAS-models form a complete class, using the familiar
Lindenbaum model construction.

5 Completeness of Global Models

Theorem 5.1 (Completeness) If [I'] < [B] in all global models §, then there is a sequent
proof of ' — B.

Proof. We construct the Lindenbaum model, i.e. a Heyting applicative structure in which each
domain D, consists of terms of type « in canonical normal form, 2 is a Lindenbaum algebra,
and the interpretation function £ maps terms their normal forms.

Let App(t1,t2) be p(t; t2) (the canonical normal form of the term (¢1¢2)), and, for 6 an
environment, i.e. a substitution from variables to terms, put £(B)y = p(@B), where p denotes
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the canonical normal form, and where 0 is the extension of the substitution 6 to terms that
avoids capture by suitable renaming of bound variables in a canonical way, e.g.

0B = (\z1Azs - - Axp.B)0(21)0(22) - - - 0(n)

where x ...,z, are the free variables in B, as in the cut-free completeness theorem of the
preceding section.

Let Const(c) = ¢ for any constant in the language of ICTT.

Let € be the set of equivalence classes

[B] :={C:T,B — C and I', C —» B are theorems in ICTT }.

We turn Q into a partially ordered set (now that we have the cut-rule!) by defining the order
relation

[B] < [C]:=T,B — C is derivable in ICTT
The cut gives us transitivity of this relation. The set Q is well-defined: suppose [B] < [C],
B’ € [B], and C’ € [C]. We show [B’] < [C’] by giving a sequent tree proof:

rB—C I.C—C'
B — B I,B— ('
B — ('

cut

cut

The leaves follow from B’ € [B], [B] < [C], and C’ € [C], respectively.

In fact,  is a Heyting algebra under the following interpretation of the algebra operations:

1 [Lo]
[BINIC] = [BAC]
[B]vIC] = [BVC(]
[B] = [C] := [BD>C(]

We begin by showing 2 is a lattice with A and V defined as above. The first lattice axiom in
(1) is [B] < [B] V [C], which means [B] < [B V C]. The sequent proof of this is

,B— B

T.B—BvC "

The proof of [C] < [B] V [C] is analogous.
Of the two axioms (2), we prove [B] A [C] < [B], i.e., [BAC] < [B]:

[,B,C —» B

T.BAC —B &

Axiom (3) states that [B] < [E] and [C] < [E] imply [B]V[C] < [E]. This is immediate once
translated into sequents:
rLB—FE IC—»F

IBVC — E
Similarly for (4), we have [E] < [B] and [E] < [C] imply [E] < [B] A [C] since

L

I'N'E—B I''E—C
I'NE—» BAC

AR



24

Next, we show that Lindenbaum algebra is not only a lattice but a Heyting algebra. We
mentioned above that the least element L should be [L]; now we prove [L] < [B] for all [B] in
the lattice:

L —1
ILL—B Lr

We prove both directions of (7). To show [B] A [C] < [E] implies [B] < [C] — [E], we
construct a sequent tree in which I'y BA C —» FE is a premise:

[,B,C—B TI,B,C —C
I''B,C —» BAC

[,B,C—~F _

LB—wCH>E ¢

B 1,BANC —E

cut

To show the other direction, we assume [B] < [C] — [E], i.e., [, B —» C D E. Using cut we
easily have a sequent proof of I') B,C — E, with which we construct the desired proof

I.BC—FE
[LBAC —E*

We have established that € is a Heyting algebra. To turn £ into a model for 1ICTT, we
must specify a map w and show €2 is definitionally complete, that is, that the meet and join
N{w(App(Ax.B,d)) : d € Do} and \/{w(App(Az.B,d)) : d € D,} exist for all B,, and equal
[VxoB] and [Jz,B], respectively.

Define w : D, — Q by w(B) = [B].

As mentioned in the definition of a Heyting algebra, A S is the greatest lower bound of an
arbitrary set S, i.e., A S satisfies

e (AS)<sforall se S and
e for any r, r < s for all s € S implies r < A S

Since we want to prove that the meet A{w(App(Az.B,d)) : d € Dy} exists and is in fact
[V, B], we must show that [Vz,B] < w(App(Az.B,d)) for all d € D, and also that if [C] <
w(App(Az.B,d)) for all d € D, then [C] < [VzoB]. A proof of the former is given by

p(I), p(B[d/z]) — p(B[d/x])
p(T'), (Bld/z]) — p(Bld/x])
p(T), p(VaoB) — p(Bld/x])

L

where (B[d/z])’ is A\-equivalent to B[d/z]. The uppermost sequent above follows from Lemma 3.2.
Note that d is actually a term in the language, so there was no need to add constants to the lan-
guage. To show the latter condition, we assume [C] < w(App(Azy.B,d)) for all d € D,. Hence,
under any assignment ¢, [C] < [B] where = of type a does not occur in I" or C, I',C —» B
holds. Thus we have a sequent tree

p(0), p(C) — p(B) |

p(I), p(C) — (B)’

p(I'), p(C) —> p(Vz.B)

Vr

and we may conclude that [C] < [Vz.B], as desired.
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To show \/{w(App(Ax.B,d)) : d € D,} exists and is [z, B(x)], we first show that for all
d € Dq, w(App(Azo.B,d)) < [Tz, B]:

p(D), p(Bld/x]) —> p(Bld/2])
p(D), p(Bld/x]) —» (Bld/a])’
o), p(Bld/2]) —» p(3a.B)

where the upper sequent again follows from Lemma 3.2. Next we assume that w(App(Az.B,d)) <
[C] for all d € D,. As above, for any interpretation ¢ and appropriate variable z, we have
[B] < [C], i.e., 'y B — C. Thus we have a sequent proof

p(l),
p(l),
p(I), p(

and therefore [3z.B] < [C], as desired.

We have shown (D, App, Const,w, Q) is a Heyting applicative structure. We only need to
show £ satisfies the ICTT model axioms of definition 4.6. They are straightforward and left to
the reader.

Finally, let ¢ : Vars — D be the environment given by ¢(x) = z. Suppose [I'] < [B]
in £,. Then [I',T,] < [B], and I', T, — B is derivable. It follows easily that there is a
sequent proof of ' — B. o

(B) — p(C)
B) — p(C)
x.B) —» p(C)

A

—~I|

Ir

Ll

5.1 Remarks

The model used to prove Theorem 5.1 above is extensional for those functions which are not
propositional: any two elements f, f’ of Dg, for which App(f,d) = App(f’,d) for all d in D,
must be identical. This is a consequence of our use of normal forms of open terms as the elements
of the model. However, since there is no notion of equality in the language, extensionality for
this model does not indicate that all models would be extensional.

Strictly speaking, it is the typed applicative structure in the model above which is exten-
sional. The model itself is non-extensional in the sense we desire for AProlog: two predicate
functions P,, and @, may have the same truth value for all inputs (that is, w(App([P],d)) =
w(App([Q].,d)) for all d € D,) and yet other functions need not agree on P and Q; e.g., we
need not have [Roo(P(1))] = [Roo(Q(t))]-
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Appendix

1

Higher-order Logic Programming

Although we are not concerned with logic programming in this paper, it provided a powerful
motive for studying the semantics of ICTT, and justifies some of the choices made in the presen-
tation of the theory [16], and therefore, some of the choices we must make in the semantics. In
particular, we must work with a higher-order logic in which a certain logical extensionality must
be avoided. This is discussed in the following paragraphs. Readers not familiar with A-prolog
may skip this section.
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Breaking truth-functionality of higher-order predicates: In lambda-prolog we observe
the following behavior.

Program:
module ntf.
type p o. P q.
type q o. q :- p.
type £ o -> o. f(p).

Queries:
7- £(p).
solved

7- £(q).
no

7- f(p & p).
no

The logical equivalence of p and ¢, or of p and p A p plays no role in the search for a proof
of f(q) or of f(p Ap). In other words, the following inference fails in the underlying logic of
A-Prolog, and in ICTT, when A, B are propositions and the type of pis o — o:

A<= B
p(A) — p(B)

Thus, If HOHH-resolution is to be sound and complete with respect to our model theory, the
meaning of the formula f(p Ap) must not be identified with f(p). This is achieved by separating
the cHa object of truth values Q from the carrier D, of propositions. Although p and p A p
will have the same truth value in €, they will not be identified in D,, making it possible to
consistently assign different truth values to f(p A p) and f(p).

The logical intensionality problem: Models may be extensional on lambda terms: if f and
g are terms, say, of type a — (3, with « not the type o of truth-values, and if for all individuals
u in the model’s carrier of type «

[f]u=l[g]u
then

[F1=1lgl

However, we need to enforce a certain kind of meta-level failure of logical extensionality.
Wolfram [26] gives an example of the non-extensional behavior of AProlog, which we translate
into Church’s type-theoretic notation:

pX:-qZX. VZo-(Goo(To) D Poo(To))

qX :-pX. Va.(p(x) D q(z)

rp. To(oo)(poo)

7-r q. The goal 74(00)(qoo)

no. is not derivable from the program clauses above.

p and q are interpreted as two truth-valued functions which agree on all arguments, which must
not be allowed, in general, to have the same meaning in a model.

This is also solved by distinguishing between the carriers of the types of logical formulae and
the object 2 of truth-values. The logical equivalence of p and ¢ on predicates takes place in
Q, not in the carrier of their type, so they are not required to have the same denotation in the
carrier, even in a functionally extensional model.



